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Introduction 
s 
Aside from the fa~inating interest of the subject itself, 
~arycentric calculus is of genuine and deep-seated historical 
importance. Such monumental works as Hamilton's 11 Quaternions 11 
and H. Grassman's "Space Analysis" (Ausdehnungslehre) may be 
traced directly to the influence of this great discovery of 
August Ferdinand Mobius (Moebius), the details of which first 
appeared in his classical treatise, "Der Barycentrische 
Calcul." 
·-
It has been said (Encyclopedia Britannica-Mobius) : "This 
~ork (Barycentrische Calcul) abounds in suggestions and fore-
shadowings of some of the most striking discoveries of recent 
.. 
time •..• Mobius must be recognized as one of the leaders in the 
introduction of the p owerful methods of modern projective 
geometry." 
It is fitting, therefore, from an historical viewpoint 
alone that the results and methods of this work be examined 
and presented in some coherent, readable form. The present 
paper is designed to do just this. It is by no means an ex-
haustive or scholarly treatment of the subject. It is rather 
an attempt to acquaint the average mathematical student with 
the significance, beauty, elegance, and power of the system of 
barycentric coordinates . There is no need to dwell longer on 
I 
1 
this angle. The reader will recognize at once the tremendous 
possibilities of the subject and the ficination which has man-
~ 
ifested itself so forcefully to the author. 
The formal aims of the paper may be listed as follows: 
1. To present, in a unified form, those aspects of the 
subject bearing upon the historical development of homogeneous 
coordinate systems and various systems of space analysis. 
2. To show the close connection between geometry and 
statics. 
3. To illustrate, by numerous applications, the power 
and utility of this system of coordinates in the analysis of 
numerous geometric configurations, particularly the triangle. 
4. To bring out the pedagogical value of utilizing these 
coordinates as an easy transition from the elementary concepts 
to the more generalized notions of homogeneous coordinates. 
5. Finally, to discover some very interesting relation-
ships in geometry which might not otherwise be suspected. 
We are faced at the outset with the usual problem of the 
choice between a mathematically rigorous approach or a judi-
cious use of intuitive concepts. The author has, from personal 
preference, chosen the latter course at the risk of some criti-
cism. It is hoped that the ends will justify the means. 
The treatment will be for the most part elementary with 
no more advanced knowledge than that of elementary statics and 
2 
geometry presupposed . In various sections some recourse to 
more advanced ideas may be employed, but these should not prove 
difficult even to those of limited mathematical scope. Access 
to a good handbook of geometric formulae might prove convenient, 
but most of the relationships employed will be developed in the 
thesis itself. 
Some idea of the plan of the work may be gleaned from an 
examination of the outline preceding this introduction . 
Thosg ~eaults or proofs believed to be original to the 
author will be starred. 
3 
Mobius 
.. 
August Ferdinand Mobius, astronomer and mathema-
tician was born at Schulpforta, Germany on the seven-
teenth of November in 1790 . He studied for four years 
at Leipzig, Gottingen, and Halle. In 1815, he settled 
in Leipzig and the next year became professor extraor-
dinary at the university. He was later chosen director 
of the university observatory which was erected in 1818-
. 1821 under his superintendence. In 1844, he was elected 
ordinary professor of higher mechanics and astronomy, a 
position which he held until his death on September 26, 
1868. His mathematical papers appear, for the most part, 
in Grelle's Journal from 1828 to 1858. These papers are 
chiefly geometrical, many of them being developments and 
applications of his great work, "Der Barycentrishe Calcul," 
Leipzig, 1827. His 11 Gesammelte Werke" have been pub-
lished in four volumes at Leipzig, 1885 to 1887. 
His influence in t h e field of t he newer geometry 
was profound, his "Der Barycentrishe Calcu l" foreshad-
owing some of the most important phases in its develop-
ment. 
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Notation 
In the plane 
Ai Vertex of a polygon 
m · Mass at vertex A ~ or barycentric coordinate asso-t. 
ciated with vertex A ~ . 
M Median point of triangle 
P General point in plane 
P ~ Foot of cevian A~ P 
H Orthocenter 
a ~ Side of triangle opposite A r: 
Distance from P to side 
I Incenter 
r Inradius 
K Symmedian point 
h i. Altitude from A L 
Bisector cevian of angle 
0 Circumcenter 
R Circumradius 
a · t.. 
A . 
1.-
r i Radius of excircle corresponding to vertex Ai 
I ~ Center of excircle corresponding to vertex A ~ 
N Nagel point 
s i ( a , -4- a ~ -+ a .1 ) 
G Gergonne point 
6 



of mass of any system may be located by considering the masses 
two at a time . Replacing, for example, m, and m~ by a mass 
equal to the sum of m1 plus m2 located at their center of mas~ 
and combining this with a third mass m~ (or any other in the 
same manner) and continuing this process, we will finally arrive 
at a point C which will be the center of mass of the system. 
This method will be employed frequently in this work. 
In the event that the masses are not coplanar, the only 
modification of the preceding results necessary is that the 
line L be replaced by a plane L; x ,· becomes the distance 
from the point A (. to the plane L and x the distance from 
C to the plane L. 
Finally , it is well to keep in mind that every system has 
one and only one center of mass . 
Nothing has here been said about the relative position of 
the particles, hence the results may be exfe nele d 
continuous body tn:y 1nfe'fv-af1on 
1'1 
2. Negative Masses 
t o a 
corresp o nd 'fo 
Inasmuch as masses {hl?~ ~8"6'SiRt; mere '6han parallel forces 
(in the ideal case), the whole preceding discussion might have 
proceeded on that basis . However , for the sake of simplicity 
and ease of taking over the results and concepts of statics , it 
has been thought advisable to adopt the original point of view 
of Mobius and consider them as masses . It will be found conven-
10 


We may extend this notion to two dimensions by consider-
ing masses at three non- collinear points . Here again, by suit-
ably varying the masses at the three points, any point in the 
plane may be made the center of mass of some system . 
v{e could , of course, have chosen four, five, or any number 
of non-collinear points , since with any system there is associ-
ated a unique center of mass . However, three is the minimum 
number which will locate any point of the plane . 
Those acquainted with homogeneous coordinates will recog-
nize in this a simple set . As a matter of fact , this was the 
first system of such coordinates ever considered . Their rela-
tionship to trilinear, areal, and other systems was subsequently 
demonstrated and will be considered later in this work . 
6 . Barycentric Coordinates 
The set of masses located at the vertices of a triangle 
and determining a particular center of mass will be known as the 
barycentric coordina t es of that point . Since , as has been 
pointed out before, we are interested only in the relative mag -
nitudes of these masses , we will indicate only the ratios exist -
ing between them. Thus 
m ~ : m .3 r 
We may extend this idea to three dimensions by locatingmer 
ses at the vertices of a given fixed tetrahedron . Here the bary-
centric coordinates will be given by a relationship of the form . 
,..,..., , : I'>? z. : n-?.z .- h? r = o< : f3 : r : <f 
13 






























author's mind , is their extreme flexibility and adaptability to 
particular circumstances. For instance, in the analysis of the 
plane quadrilateral it is not necessary to set up a triangle of 
reference, as is the case in trilinear or areal coordinates; we 
may proceed directly from the figure, as the following example 
will illustrate. 
To prove that the lines joining the midpoints of the op-
posite sides of a plane quadrilateral, together with the line 
joining the midpoints of the diagonals, are concurrent and bi -
sect each other. 
Proof 
Place unit masses at the vertices. Now the center of mass 
of Ai and AJ is at M ~J' the midpoint of Ai AJ . Furthermore, 
the center of mass of Ax and A~ is at Mk1 • 
Therefore, the center of mass of the system is at the mid -
point of the line Mi J MKL• Hence the theorem. 
It is interesting to note that this reasoning applies 
equally well to a skew quadrilateral. 
28. Geometry of the Triangle 
Returning now t o the geometry of the triangle, we proceed 
to a systematic determination of the barycentric coordinates of 
most of the well-known points associated with it. Obviously, the 
power of our methods in the analysis of the triangle depends 
upon our knowledge of these coordinates. Having obtained these 
coordinate systems, we will then derive many classical and some 
43 






32a. Nine Point Center 
By definition, the nine point circle is the circumcircle 
of the medial triangle. 
Now, at A i of the base triangle place masses 
m , oc:. s in 2 A t. _.. s in 2 A 3 
mL ~ sin 2 A3 ~ sin 2 A, 
m J ex. sin 2 A _1 + sin 2 A .__ 
Referring to the figure, we see that these may be combinec 
in the following manner . 
At A <. and A:r select the masses sin 2 A" and sin 2 A'< . 
Combining these, we get, for the center of mass of the two, the 
point M 1~ and a concentration at the point of 2 sin 2 Ax. . 
We will then have a resulting system of three masses con-
centrated at the M(. points and , since the triangle M, MLMJ is 
similar to triangle A. ALA, t 11ese three masses will determine the 
circumcenter of triangle M, MLM 3 or, in other words , the nine 
point center of the triangle A , A ~A 3 • 
But sin 2 A;y t sin 2 Ax. 
2 sin t( 2 A;r ~ 2 A"' ) cos t( 2 A:J - 2 AK) 
2 sin ( A:r Ak ) cos ( A; A~ ) 
2 sin A t. cos Ar - A" ) 
which is proportional to 
a- cos ( A;r - A" ) (.. 
49 














41. Definition: If the coordinates of three points, 
P1 , Pz., P3 , are so related that the coordinates of Pz. and PJ 
are cyclic permutations of the coordinates of P1 , then the 
points P, , P 2., P
3 
are called an isoba1 rc group . 
That is, if the coordinates of P1 are mi cc. ~L. Then the 
coordinates of P..z. will be mL cc: f ;r and of 1'3 m . o:: ID • L io'-t<. 
42. Theorem 
If P 1 , P 2 , P3 form an isobaric group , the lines A1 P1 , 
Az. P2.. , and AJ PJ will be concurrent. 
For each passes through the point whose barycentric coor-
dinates are 
' 
1 
Pz.... 
This fact can be easily demonstrated by noting the determinant 
L1 0 0 
~I f 2 f 3 0 := 
1 1 1 
(?, f s l'L 
and the points A, ( 4/ 0.} 0) ' P, .C~\Pz.lJ)' and point ( l: 1 1 ).z ' ' -
a~" c. :1> If,"" '"'4"""'" ~I p,_ Rv 
Similarly will the lines A, Pz. , AJ.. P3 ' and A3 P1 be concur-
rent, as will A, P3 , A 2. f', 
' 
and AJ p~ • 
In other words , an isobaryc group is triply perspective 
with the triangle of reference. 
1 1 
f', ' PJ ' "PL The three 
1 1 
centers P, PJ 
o:f 1 1 
f\ ' ~I perspective 
64 
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1 3 at BJ of such a nature that A 3 is the center of mass of 
these two . 
The center of mass of this second combined system will be 
at X1 • 
But now, viewing the entire system as a whole, we can see 
that the center of mass must be on the line X, ~--but, since 
one of the sets y and -y cancel, we may, if we choose, con-
sider the system 
B, - 11 
B"' - lJ 
0 ( Y, - Y, ) 
The center of mass of this system is at X.z.. . Hence, Xt' 
xz ' and XJ are collinear. 
76 




















Analytic Geometry 
1. In our consideration of the analytic geometry associ-
ated with barycentric coordinates, we will not be primarily 
concerned with a systematic development, but rather with the 
applications to the geometry of the triangle and related con-
figurations. We will, therefore, take over the results of tri-
linear coordinates by performing the simple transformation from 
one system to another, thus showing that homogeneous equations 
of the first and second degrees represent straight lines and 
conics, respectively. We shall, however, develop independently 
the equations of a few simple curves using those properties 
peculiar to the barycentric system. 
It should be borne in mind, however, that all the results 
could be obtained without reference to any other system, but 
that the emphasis in this paper is on those phases which best 
adapt themselves to treatment by the barycentric system. The 
identification of second degree equations, as representing the 
various types of familiar conic sections, would be somewhat 
laborious without employi ng the notions of transformations; so 
at ·this point we make free use of them in order that we may 
arrive at more interesting results. 
98 


101 
three p oints are to be collinear 
m, mz. m3 
j I j 7_ j J - 0 
k / k2. kj 
Hence, this is the equation of the line . 
In the abbreviated notation 
l m, j 2.. k ~ l = 0 
4. Circumscribed Circle 
If mt is the variable point which lies on the circum-
circle, we have, from Lagrange's formula 
I z L. Zm<. L R m ... m.r ai<. R -= Zml ( - mL) 1-,.___ 
( Z mt.:. l "L mv- a r< - R -
---:;;- 'L ( 
-
m,:.) 
- L 
z._ 2.. Z mL mr a,< R -::: R 
- 'L 2:... mt_) 
-=;- '--
...c:- m L m.; a,< -::: 0 
L 
~;;- a L 
or ~ = 0 m ... 
.). L ""L. 
a/ aL aJ 
that is 
-t- -t = 0 
m, mL m 
..:J 






12. As an important special case, we consider a l i ne 
passing through a vertex A and dividing the opposite side in 
the ratio f:~ 
f\, 
We might substitute into our determinant form, 
but it is easily evident that if the center of mass of any sys-
tem is to lie on this line, 
mr fK 
~ 
m" f r 
m ~ f~ - mi., f,\ =- 0 
We must, of course, adopt some consistent t convention as 
to the sign, inasmuch as there are two points on the line A A 
dividing it into this ratio , one point on the internal and one 
on t he external segment . To be consistent with previous work, 
we must ad op t the internal division as the p ositive; but it 
appears at this point that we might have attained more symmetry 
in the expression of results if the opposite convention had 
been adopted. 
13. Equations 
Following is a list of the equations of some of the more 
important lines associated with the triangle. In most instances 
the derivation is immediately obvious and straightforward . 
~fuen such is not the case, the derivation will be indicated. 
108 
109 
Median from A· mJ' - mk - 0 L -
Bisector II II a :r mol\ - aK ml .::.. 0 
Altitude II II tan At:, m;r - tan A" mol(-= 0 
L L 
Symmedian II II a .r mt: - a" ma- ::: 0 
Circumcenter 
Cevian II II sin 2 Aj:, m,- - sin 2 AT m ,, = 0 
Positive m.r m,c Brocardian II II 0 a4 = a?. -c.. ¥ 
Negative m.r m" Brocardian II II 0 ~ 
a"J; 
=:: 
a ;t 
Neutral m.T m.~.:. Brocardian II II ::::. 0 
'I_ .,_ 
a J\ a <IK 
Nagel ian II II ( s - a-1<) m.J - ( s - a .l:) m ,, =- 0 
Gergonnian II II m-r m K 0 ::. 
s .. - ail< s - a~ 
Isogonic Cevian through A 
a .K a.~ 
m - m,'l ::: 0 .r 
sin ( At\ - 60 sin ( A - 60 ) 
.£[ 













U I 2. u 13 U J.3 
+ + - 0 then 
tan A3 tan A1 tan A :z 
But this is precisely the condition that the conic be a rectan-
gular hyperbola. Hence we have the theorem 
"Any rectangular hyperbola circumscribing a triangle 
passes through the orthocenter." 
24. Now suppose we consider any diameter of the circum-
circle. This cuts the circle in t wo real distlnct points and 
its isogonal transform will, therefore, be a hyperbola. Fur-
thermore, since the diameter passes through the circumcenter, 
its isogonal transform must pass through the isogonal conjugate 
of 0, in other words, the orthocenter H. But this means that 
the hyperbola must be rectangular . So we see that 
"The isogonal transform of any circurndiameter is a 
circumscribed rectangular hyperbola." 
We might have seen this geometrically as follows 
Suppose LL 1 to be the diameter. The points L and L ; 
correspond to the points at infinity on the conic. But the iso-
genal conjugate of L is on the isogonal ray I A.J L and the iso-
genal conjugate of L, is on the ray I AJ L1 • Now recalling that 
the asymptotes are the lines jointng the center of the conic to 
the points at infinity of the conic, we readily see that the 
I I be parallel to rays AJ L and AJ L , must them. 
I I 
:::. L L TT But L L , AJ L AJ L , ::- 2 
Hence the asymptotes are ~ and t h e hyperbola is rectangular. 
123 
25. Let us examine the case where the diameter is the 
line OK. The resulting hyperbola is known as Keipert 1 s hyper-
bola and has several interesting properties. 
For instance, since OK contains the points 0 and K, 
Kiepert 1 s hyperbola passes through the respective isogonal con-
jugates of these points; namely, H and M. Thus Kiepert 1 s 
hyperbola passes through the orthocenter, circumcenter , and 
median point . 
We have previously see (Chapter I, Section 35) that if 
three similar isosceles triangles of base angles 9 be co~c­
ted one on each side of a triangle in the same sense (all inward 
or all outward), the lines joining their vertices to the respec-
tive opposite vertices of the base triangle will be concurrent. 
We further showe~ in the following sectio~ that the coordinates 
of the isotomic conjugate of this point of concurrence were 
m l_ ex c ot e cot A· L 
This indicates that , as the base angle 9 varies , the isotomic 
condugate of the point of concurrence lies on the line joining 
the medign point to the isotomic conjugate of the orthocenter . 
Therefore , it follows that the original po i nt must move on a 
conic passing through the ~edian point and the orthocenter . 
This conic is a rectangular hyperbola since the straight line, 
of which it is the i s otomic transform, obviously cuts the 
Steiner ellipse and the hyperbola passes through the orthocente~ 
124 
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33. M1 Cay 1 s Cubic 
If we consider all those points of a plane , such that the 
line joining each point to its isogonal conjugate always passes 
through a fixed point, we will find that they all lie on a cubi 
curve circumscribing the triangle . The choice of the fixed 
point will determine the particular curve of the family . 
The equation of the general curve may easily be deduced , 
thus. Let x, , X .z. , x 3 ) be the fixed point , and ( m1 , m z , mJ ) 
be the moving point . The condition that the moving point and 
its isogonal conjugate be collinear with the fixed point is 
x , X z. X 3 
m l m L m 3 
== 
0 
' 
't.. L 
a t a 't.. a .J 
m, m L m J 
This reduces directly to 
"1-- m L '1- mJ m , m:J 
X I ( a 3 a L ) t x 1... ( a J a , 
m;j m1.. mJ m, 
X ( 
m, m ~ 0 t a - - a , :::: iJ z. m m, l. 
z -xi. me_ ._ .... 2 ' or ( a '< m.r - a :r m~ ) = 0 
't.. 
m K 
0 = ._ or 7 x - m -L-- ,_ (._ 
mr 
=========#=~------------~~ 
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Conclusion 
The problem of terminating this absorbing pursuit is in-
I deed a bothersome one. The field is so vast and offers such 
unlimited opportunities for research that the author· feels that 
he has done the subject a great injustice. He would like to 
have pointed out, for example, how neatly these coordinates 
work into Non-Euclidean systems, how they may be easily gener-
alized in N-dimensional space, and how they may be developed 
independently of any mechanical or physical notions. In this 
last instance, it would have been interesting to see how closel 
our analysis parallels that of Grassman in many of its phases 
But such undertaking s are' not only beyond the present powers 
of this author, but would entail more time than is at his dis-
posal . In addition, they would far exceed the purpose of this 
work. It is hoped that sufficient material has been offered to 
acquaint those who may care to read this thesis with general 
methods and results. In the selection of illustrative problems 
it has been the aim of the author to avoid those stereotyped 
examples used in too many texts. Thus, the excursion in which 
the M'Cay's cubic was discussed seems of more value than a pro -
saic treatment of the nine point circle. 
It would be well at this point to make several apologies. 
First, in the matter of signs. In looking back over the paper, 
I' I 
I 
I 148 
I 
I 
it seems that a more consistent convention might have been 
adopted. However, the reader should have no difficulty in fol-
lowing that which we have adopted. There is some question also 
as to whether the abbreviated notation adds to clarity. 
It is the conviction of the author, however, that the 
symmetry so introduced greatly facilitates the computations 
and certainly makes for economy of space . 
-~=-=-=-==~====-----------=-======= 
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Abstract 
A number triple defines, algebraically, a point in a 
plane ; a number quadruple a point in space. The physical in-
terpretation of these number groups vary, giving rise to the 
various systems of homogeneous coordinates. The particular 
case in which we are interested is that in which these numbers 
are interpreted as masses. It is at once evident that with an 
extended interpretation to the term 11mass , 11 we may define any 
point in space as the center of mass of four masses at four 
fixed points. It is further evident that the mutual ratio of 
these masses is sufficient to label this point . The configura-
tion of four fixed points at which the masses are located is 
referred to as the base tetrahedron, and the four masses or 
more specifically, the ratios of these masses are called the 
barycentric coordinates of this point . The point itself is 
referred to as the barycenter of the four masses. 
The advantage of such an interpretation is the ease with 
which certain statical principles are utilized. 
The chief utility of the system is in its application to 
the study of the geometry· of the triangle and the tetrahedron. 
In many instances, barycentric coordinates may be employed to 
advantage in the study of polygons and polyhedrons of higher 
number of sides. In s u ch cases, the particular polygon or 
151 
I 
i 
I 
I 





